Monte Carlo simulations have been performed for the linear tangent hard sphere model. The models considered in this work consisted of mϭ3, 4, 5, 6, and 7 monomer units. For the models mϭ3 and mϭ4 we find an isotropic fluid and an ordered solid. For the mϭ5 model we find the sequence of phases isotropic-nematic-smectic A on compression, and the sequence solid-smectic A-isotropic on expansion. We suggest that the nematic phase for this model is meta stable. For the model m ϭ6 we observe the phase sequence isotropic-nematic-smectic A on compression, and the sequence ordered solid-smectic A-nematic-isotropic on expansion. We observe a similar sequence on expansion of the mϭ7 model. The results for the mϭ7 model are in good agreement with those of Williamson and Jackson ͓J. Chem. Phys. 108, 10294 ͑1998͔͒. It was suggested by Flory ͓Proc. R. Soc. London, Ser. A 234, 73 ͑1956͔͒ that liquid crystal phases could exist for length to breadth ratios у5.437, i.e., mу6. In this work we place the lower bound at mу5.
I. INTRODUCTION
Onsager-type theories 1 of liquid crystal phase formation often examine the competition between positional and orientational entropy. A molecule that has nonspherical symmetry has an excluded volume that also displays nonspherical symmetry. For gases and low density liquids molecules are free to adopt almost any position and orientation. As the density increases and molecules enter in close proximity to one another it is found that a loss of orientational freedom is more than offset by the positional freedom that alignment affords. The density, or packing fraction, at which it becomes more profitable for the system to become aligned very much depends on the degree of anisotropy of the constituent particles. For infinitely long rods this transition to an orientationally ordered phase ͑i.e., a nematic phase͒ occurs at a vanishingly small density. However, for particles whose anisotropy is very small the fluid-solid transition occurs before any orientational transition. It should be mentioned that Onsager-type theories are at their best for dilute solutions. This is due to the neglect of higher order terms in the virial expansion used to calculate the free energy.
Another class of theories designed to explain the isotropic-nematic transition are lattice theories. One of the major proponents of lattice theories was Flory. 2 In lattice theories one may derive the partition function of a system by examining the number of configurations that are available to a model consisting of a number of lattice points. The advantage of lattice theories over Onsager-type expansions of the free energy is the fact that the lattice models are applicable over the whole range of concentrations. Flory used a number of arguments in order to derive a lower limit for the formation of an orientationally ordered phase. When the bond length is equal to the hard sphere diameter then the model is known as the linear tangent hard sphere model ͑LTHS͒. One of the lowest estimates arrived at was for a molecular length to breadth ratio of 2e ͑i.e., 5.437͒, thus suggesting that the first LTHS model to demonstrate liquid crystal behavior would be the case mϭ6 where m is the number of monomers in the model. More recently Chamoux and Perera 3 have extrapolated integral equation results for the hypernetted chain equation and have arrived at the conclusion that an isotropic-nematic transition should occur for mϾ7.
In recent years computer simulation of liquid crystal phases at the molecular or atomistic level has proved increasingly useful as an aid to understanding this interesting state of matter. One of the fundamental requirements of a mesogenic molecule is a strong shape anisotropy. To this end there exist numerous examples of simulations whose main feature is shape anisotropy. Popular models for such simulations have been spherocylinders, 4 -7 and spheroids of revolution. 8, 9 As well as simulations where the molecules are geometric bodies, one has models that are built up of a number of geometric units. One such unit is the hard sphere. A series of m hard spheres can be used to construct a linear configuration thus representing a molecule. Another interesting model is the fused hard sphere model as used by Whittle and Masters. 10 In the fused hard sphere model the configuration is again linear, however, the bond length is now less than the hard sphere diameter. Recently Jaffer et al. 11 have developed Flory dimer theory to study the nematic-isotropic transition of this model.
The authors Yethiraj and Fynewever have studied the isotropic-nematic transition for the LTHS models with m ϭ8 and mϭ20. 12 nematic and smectic phases as well as the isotropic and solid phases. The appearance of the smectic phase is particularly interesting since it indicates that LTHS model has more in common with spherocylinders than with ellipsoids ͑smectic phases are not observed in the hard ellipsoid model͒. Wilson, 15 considered the case of a model with mϭ5 spheres. Using a rattling sphere molecular dynamics method 16, 17 for the hard monomer components a degree of flexibility was introduced into the LTHS model. For the least flexible models a meta stable smectic phase was found.
In this paper we shall study the LTHS model for m ϭ3, 4, 5, 6, and 7. Using the first order thermodynamic perturbation theory of Wertheim 18, 19 ͑TPT1͒ to provide an isotropic equation of state ͑EOS͒ a comparison will be made to the simulation results. In 1994 Vega and Lago 20 developed a theory to describe the isotropic-nematic transition. With the aid of a reliable equation of state for the isotropic phase a rescaling approximation for the virial coefficients in the nematic phase is made. A suitable EOS for the LTHS model in the isotropic phase was proposed by Vega et al. 21 This EOS, in conjunction with the analytical expression for the excluded volume of the LTHS model ͑Williamson and Jackson
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͒ will be used to provide theoretical estimates of the location of the isotropic-nematic transition for each of the models examined.
The scheme of the paper is as follows. In Sec. II the simulation methodology and models will be presented. In Sec. III the simulations results will be presented. Finally, our conclusions are presented in Sec. IV.
II. MODEL AND COMPUTATIONAL TECHNIQUE
The molecular model used in this work consists of m rigid tangent hard spheres ͑or monomers͒ in a linear configuration. Each of the monomers are of diameter . The bond length between monomers is set at Lϭ. Monomers in different molecules interact via a hard sphere potential. 23 Intramolecular interactions between monomers of the same molecule were also considered, thus preventing the overlap of one molecule with its periodic image when simulating a small number of molecules. Since all the interactions in the model are hard interactions the temperature becomes a redundant variable and the properties of the system depend only on density.
In this work we have considered the LTHS models consisting of mϭ3, 4, 5, 6, and 7 hard spheres. The simulations were performed using the Monte Carlo method in the NpT ensemble. Two sets of simulation runs were performed; one set was of Nϭ144 molecules with approximately 3ϫ10 5 cycles for equilibration followed by 3ϫ10 5 cycles for production averages. The other set consisted of a larger system, with Nϭ320 for compression runs and Nϭ324 for expansion runs. Simulations of the larger systems consisted of 1.5ϫ10 5 cycles for equilibration followed by 8.5ϫ10 5 cycles for production averages. A MC cycle includes a trial move per particle ͑translation 50%, rotation 50%) plus a trial volume change. The compression runs were started from a very low density state. The initial configuration was that of the ␣N 2 -face centered cubic structure 23 which has four molecules in the unit cell. The Nϭ320 system consisted of 4ϫ4ϫ5 of these unit cells. Thus the initial nematic order parameter was zero and no preferential direction to the molecules was artificially introduced. Within a few steps the solid melted and transformed into a low density isotropic fluid. The fluid is then compressed by increasing the pressure. The last configuration from a certain pressure was used as initial configuration for the next, higher, pressure. States for which the nematic order parameter was greater than 0.4 were classified as being nematic. Throughout the compression runs isotropic scaling was applied to the simulation box. The expansion runs were started from a high density solid. The high density solid is obtained starting from a close packed fcc structure of hard spheres with stacking sequence ABCABC ͑see Fig. 1͒ . The molecules are constructed by linking m monomers in a linear configuration. The same orientation is assigned to all of the molecules in each of the layers. The final solid structure corresponds to the CP1 structure in the paper by Vega et al. 24 on the solid phases of hard dumbbells. Notice that the molecular axis is tilted with respect to the layer normal ͑i.e., the A plane of the fcc hard sphere solid͒. The Nϭ324 system consisted of 4 layers of 9ϫ9 molecules. The expansion runs were started from a high density closed packed solid and therefore our simulation box is not cubic. Nonisotropic NpT Monte Carlo 25, 26 was used. The simulation box was free to change shape ͑i.e., box side lengths and angles͒. This is important when simulating solid phases and it is likely to also be true for smectic phases. Expansion runs were performed starting from a high density solid at very high pressure and then gradually decreasing the pressure.
During the simulations the nematic order parameter ͑which is zero for an isotropic fluid and one for a perfectly aligned system͒ was continuously monitored. This was done by first calculating a director vector 27
where Q is a second rank tensor, ê j is a unit vector along the molecular long axis, and ␦ ␣␤ is the Kronecker delta. Diagonalization of this tensor gives three eigenvalues ϩ , 0 , and Ϫ , and n is the eigenvector associated with the largest eigenvalue ( ϩ ). From this director vector the nematic order parameter is calculated from S 2 ϭ ϩ ϭ͗P 2 ͑ n"e͒͘ϭ͗ P 2 ͑ cos ͒͘ϭ͗
where S 2 is known as the uniaxial order parameter. Here P 2 is the second order Legendre polynomial, is the angle between a molecular axes and the director n, and the angle brackets indicate an ensemble average. As well as the nematic order parameter snapshots of simulation configurations were also taken for use as an aid to phase identification. The simulation results in the isotropic branch are compared with the theoretical EOS, known as first order thermodynamic perturbation theory 18, 19 ͑TPT1͒ which is given by
where m is the number of tangent hard spheres forming the chain and y is the volume fraction defined as
where ϭN/V is the number density of molecules and V m is the molecular volume.
The theoretical results for the location of the isotropicnematic transition are obtained from the Vega-Lago theory 20 using the EOS: and
where B i is the ith virial coefficient. The EOS described by Eq. ͑5͒ is used in preference to the TPT1 EOS due to its improved prediction of the compressibility at high packing fractions, i.e., close to the isotropic-nematic transition. This EOS is used in conjunction with the exact expression for the excluded volume of the LTHS model provided by Williamson and Jackson. 
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III. SIMULATION RESULTS
A. The mÄ3 model
The results for the expansion branch of the trimer model are given in Table I 
B. The mÄ4 model
In Tables II and III the simulation results for the compression and expansion runs of the tetramer model are reported. In Fig. 2 the EOS as obtained from simulation is presented along with the results of Boublik et al. 31 The prediction for the location of the isotropic-nematic transition from the Vega-Lago theory is given in Table IV .
From Fig. 2 it can be seen that TPT1 describes the simulation results of the isotropic phase up to yϭ0.3 rather well but overestimates the simulation results at higher packing fractions. A kink is observed in the isotropic branch at y ϭ0.45. The states obtained for higher densities are isotropic but of glassy nature indicating the tendency of the system to freeze. This is further confirmed by expansion of the highest state obtained in the compression run. The system forms a hysteresis loop returning to the isotropic branch only at p* ϭ p/(kT/ 3 )ϭ4.4, yϭ0.43. In the solid phase the molecules are tilted with respect to the direction perpendicular to the layer ͑Fig. 1͒. This angle changes from 35 degrees at very high densities to 30 degrees for the densities close to melting. Similar behavior has been observed for hard dumbbells (mϭ2). 24 At a reduced pressure of p*ϭ3.6 the solid becomes mechanically unstable and transforms spontaneously into an isotropic fluid. Further expansion of this isotropic fluid gives an EOS indistinguishable of that obtained in the compression runs.
Therefore, for the tetramer, we only observe an isotropic fluid and an ordered solid. The fluid-solid transition must occur at a reduced pressure between 3.6 and 5.4. As a first approximation one may say the the fluid-solid transition occurs at p*ϭ4.2 for the tetramer. A more precise location would require free energy calculations for the solid phase.
It is interesting to note that for the tetramer the VegaLago theory predicts an isotropic-nematic transition at a pressure of 4.35.
C. The mÄ5 case
In Fig. 3 we plot the EOS for the pentamer model (m ϭ5). Once again it is seen that TPT1 provides a good description of the isotropic EOS up to a packing fraction of y ϭ0.30. For packing fractions greater than this value TPT1 starts to overestimate the pressure.
Expansion of the solid configuration gives the following phase behavior; we find that the initial solid phase stable down to yϭ0.478, which melted into the liquid crystal smectic A phase (0.415рyр0.474). Below yϭ0.396 we find the isotropic fluid. A snapshot of the smectic A configu- ration for yϭ0.451 is given in Fig. 4 . On compression we find the following phase behavior; we have an isotropic phase up to yϭ0.394, we obtain a nematic phase in the narrow range (0.406рyр0.438), and above yϭ0.446 we have a smectic A phase. From the phase sequence on expansion, and the location and width of the nematic phase on compression, we suggest that the isotropic-nematic phase transition is meta stable with respect to the isotropic-smectic A phase transition. It is interesting to note that for a spherocylinder model of similar aspect ratio a direct isotropicsmectic A phase transition is also observed. 7 The compression run state points are given in Table V and the expansion  run state points are given in Table VI . The Vega-Lago theory ͑see Table IV͒ provides us with an isotropic-nematic transition at a pressure p*ϭ2.095 which is below the I-N transition seen on compression (p*Ϸ2.8).
In an attempt to clarify the order of the solid-smectic A phase transition we took a state point (p*ϭ2.4, yϭ0.420) from the expansion branch and then subjected it to a series of compression simulations ͑see Table VII͒ . If the solidsmectic A were second order we should expect to see a return to the solid branch. However we see no such return and thus conclude that the solid-smectic A phase transition is first order.
D. The mÄ6 case
For the hexamer model we observe the following phase behavior; on expansion ͑see These compression runs show a region of hysteresis, strongly indicating that the Smectic A-solid transition is first order. It is more difficult to assess the order of the nematicSmectic A phase transition, but narrow range of hysteresis can be observed in Fig. 5 suggesting that this is also a first order phase transition. In Fig. 5 , as well as the state points, we plot the lines for the Vega-Lago theory for the isotropic-nematic transition. It can be seen that the theory slightly underestimates the densities and pressures for the location of the transition.
E. The mÄ7 case
For the mϭ7 model we have studied the expansion of the solid phase for Nϭ144 particles. The mϭ7 model has already been considered in detail in an extensive study by Williamson and Jackson.
14 These state points were simulated in order to gauge the influence of system size on the results; in the work of Williamson and Jackson Nϭ576 molecules.
It can be seen from Fig. 6 and Table XI that our results for the EOS and phase behavior are in close agreement with those of Williamson and Jackson, and that finite size effects are minimal. In summary the initial solid phase was found to be stable down to yϭ0.495, which then melted into the liquid crystal smectic A phase (0.396рyр0.495), followed by a nematic region (0.308рyр0.343). Below yϭ0.274 we find the isotropic fluid. The theoretical prediction for the location of the isotropic-nematic transition, at p*ϭ0.82, corresponds rather well with the location of the transition found on expansion, at 0.8рp*р1.0.
IV. CONCLUSION
In our view the main conclusions that can be drawn from this work can be summarized as follows.
No liquid crystal phases are found for the models m ϭ3 and mϭ4.
The first occurrence of liquid crystal formation, a smectic A phase, is found for the mϭ5 model. This brings the aspect ratio to a lower limit of 5, rather than the value of 6 monomer units proposed by Flory.
The mϭ6 and mϭ7 models demonstrate both nematic and smectic A phases.
Phase transitions for the LTHS model appear to be first order.
Wertheim's TPT1 provides a good description of the low density isotropic fluid; however, it overestimates the pressure at higher packing fractions.
The Vega-Lago theory used along with TPT1 EOS for the isotropic phase yields fair estimates of the isotropicnematic transition for the LTHS model. 
